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Unconventional superconductivity is usually associated with symmetry breaking in the system. Here we
consider a simple setup consisting of a piezoelectric film and an applied surface acoustic wave (SAW), that
breaks time and spatial translation symmetries. We study the symmetries of the possible SAW-induced order
parameters, showing that odd-frequency spin-singlet odd-parity or odd-frequency spin-triplet even-parity order
parameters can occur. We suggest other methods of how to engineer the symmetries of the order parameters
using SAWs and the applications of such setups.
Unconventional superconductivity is a quickly-developing
field, studying new and interesting features of superconduct-
ing materials and setups [1–6]. These can be, for example,
high-Tc superconductors [7], spin-triplet superconductors [8],
nematic superconductors [9]. Due to the wide variety of un-
usual properties, there is no precise definition of unconven-
tional superconductor. However the conventional supercon-
ductor is usually defined as [10] the one with s-wave Cooper
pairs formed due to phonon-mediated electron-electron attrac-
tion as described in BSC theory [11]. One of the known bene-
fits of discovering new, unconventional, properties of the ma-
terials, that reveal themselves strongly in a superconducting
state, is that they can provide information about their normal
state [10]. For example, it is widely believed that high-Tc
superconductivity is due to antiferromagnetic spin-fluctuation
electron-electron interaction [6]. While it is a matter of the
ongoing research, which is not in the scope of this paper,
specifics of spin structure and electronic correlations in ma-
terials are definitely of high interest outside of the field of su-
perconductivity.
To understand the underlying mechanisms of unconven-
tional superconductivity better, to make their properties more
controllable or even to engineer such superconductors, it can
be useful to study the problem from the other side, i.e. try to
reproduce their properties in some nanodevices. The well-
known example of such approach, that has been followed
by the number of theoretical and experimental works, see
e.g. [12–15], is p-wave superconductivity in a nanowire-
superconductor nanostructure [16, 17]. In this view, it would
be interesting to consider simple devices, where certain sym-
metries are broken, which induce unconventional supercon-
ducting pairings. Certainly, the pairing that is most beneficial
energetically will be dominating.
In this work, we consider a device, consisting of a piezo-
electric film and an induced surface acoustic wave (SAW) [18]
on it. SAW induces electron-electron interaction, that looks
plausible in analogy to phonon-mediated electron-electron in-
teraction. However the mechanism is different. SAW is not
a heat bath, it is produced by an external source, so it can be
understood as forcing electrons to interact. Consequently, the
SAW-induced interaction has distinct features coming from
the shape of the SAW, different frequency and momentum de-
pendence, different types of Cooper pairs induced: with zero
and non-zero center-of-mass momentum. Most importantly,
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FIG. 1. The Rayleigh surface acoustic wave propagating the film
with the wave vectorQ parallel to the axis x. The axis z is the coor-
dinate of the depth of the film. The atoms on the surface have ellipti-
cal trajectories, which is a combination of longitudinal and transverse
modes [21].
due to time and spatial translation symmetries breaking SAW-
induced order parameters can have various symmetries, e.g.
odd-frequency spin-singlet odd-parity or odd-frequency spin-
triplet even-parity type, to which we refer as unconventional
superconducting pairing. The conditions for the actual super-
conducting phase transition can be rather complex, including
carrier density, other sources of electron-electron interactions,
such as Coulomb interaction. However this is beyond the
scope of this paper as our aim is to show which symmetries of
the order parameters can be present in such setup.
Our setup consists of a film of piezoelectric material, with
an induced standing Rayleigh SAW. This type of SAW can be
induced on a piezoelectric substrate via an interdigital trans-
ducer [19, 20]. The atoms on the surface perform elliptic
motion, thus this type of wave contains both longitudinal and
transverse components and the displacement operator is
u =
(
~
2MΩ
)1/2
e(Q)e−Qz sinQx cos Ωt, (1)
∓ex(±Q) = −iez(Q) = (AΩ)1/2, (2)
where Q is the wave vector, Ω is the frequency of the wave,
t is time, M is the mass of the atom of the lattice, r is the
position in three-dimensional space, and e is the polarization
vector, which in this case, has two components, ex and ez . A
is a normalization constant that does not depend on Q or Ω
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2for the linear spectrum. In principle, as the sound velocities
are usually different for longitudinal and transverse modes,
ex and ez usually have two terms with the exponential de-
cay proportional not only to Q but also to the prefactors ≤ 1
depending on the ratio between the given mode velocity and
the Rayleigh wave velocity [21]. Here we neglect this detail
for the shortness of notation and also due to the fact, that the
piezoelectric tensor constants can change its values and even
sign depending on the width of the film [22, 23]. Therefore in
the following we do not rely on their exact values and use the
general form of the SAW as shown in Eqs. (1) and (2).
As we discussed, the SAW is induced in a piezoelectric
material, thus the material polarizes and produces electric
field, which interacts with electrons. The electric field is
Ei = −hikjεkj/r, where r is a dielectric constant, hikj
is a piezoelectric tensor, and εkj is a strain tensor, εkj =
1
2
(
∂uk
∂xj
+
∂uj
∂xk
)
. Then the electron-wave interaction is the in-
teraction of the induced electric potential φ(r) and the elec-
tron density ρ˜(r), namely Hel−w = −e
∫
ρ˜(r)φ(r)dr. The
action of the system is S = Sel + Sel−w, where
Sel =
∑
n,p
ψ¯n,p
[
−iωn − µ+ |p|
2
2m
]
ψn,p, (3)
Sel−w =
∑
n,qz
iΦn,Q,qz ρ˜n,Q,qz +H.c., (4)
Φn,Q,qz =
ϕ[Ω sinh Ωβ − iωn(1 + cosh Ωβ)]
(Ω2 + ω2n)(Q+ iqz)
. (5)
Here ψ, ψ¯ are conjugate Grassmann fields, ωn is a fermionic
Matsubara frequency, p and m are the momenta and an ef-
fective mass of electrons, respectively. The density of elec-
trons is defined as ρ˜n,Q,qz =
∑
j,k,kz
ψ¯j+n,k+Q,kz+qzψj,k,kz ,
where k is the x-component of the momentum, and qz and kz
are momenta ‖z. The constant ϕ contains piezoelectric and
dielectric constants, mass of the atom, length of the sample,
electron charge, and normalization factorA. We would like to
underline that Φ depends only on the absolute value of Q, not
on its direction: along x or the opposite.
The partition function of the system is by definition Z =∫ D(ψ¯, ψ) exp [− ∫ β
0
Sdτ
]
. If we expand exponent in Sel−w,
take the first two orders and then reexponentiate [24], we ob-
tain Z = ∫ D(ψ¯, ψ) exp [− ∫ β
0
dτ(Sel − Sel−wSel−w/2)
]
.
The last term in exponent gives effective interaction of elec-
trons mediated by the SAW, which can be expressed as
He−e = −
∑
n,qz,n
′,q′z
[V1,n,n′,qz,q′z ρ˜n,Q,qz ρ˜n′,Q,q′z + (6)
+V2,n,n′,qz,q′z ρ˜n,Q,qz ρ˜−n′,−Q,−q′z +H.c.],
V1(2),n,n′,qz,q′z = ∓
1
2
Φn,Q,qzΦ±n′,Q,±q′z . (7)
It is important to underline that from here it is not clear,
whether the effective electron-electron interaction is attractive
as in the conventional case [11], because the interaction po-
tentials V are in general complex. Therefore it is very likely
that the type of superconducting pairing will be different from
the conventional s-wave type. Another argument for that is
the fact that the applied SAW breaks time and spatial transla-
tion symmetries in the system as follows from Eqs. (1) and
(2). Symmetry breaking in the system can induce other types
of pairing [25–28], e.g. odd-frequency spin-singlet odd-parity
pairing [29, 30].
To investigate the symmetry and type of superconducting
pairing induced by the SAW, we restructure the electron den-
sity from ρ˜ ∼ ψ¯ψ type of pairing to ρ¯ ∼ ψ¯ψ¯ and ρ ∼ ψψ.
Then we redefine the indices and obtain Cooper pairs contain-
ing electrons with opposite momenta and thus zero center-of-
mass momentum, and Cooper pairs with non-zero center-of-
mass momentum. The latest type of pairing is not discussed
very often, however appears, e.g. in FFLO state [31, 32]. As
an example let’s consider ρ˜n,Q,qz ρ˜n′,Q,qz :
ρ˜σn,Q,qz ρ˜
σ′
n′,Q,qz = (8)
=
∑
p,pz,N1,
N2,n1,n2
ψ¯σN1,p+Q/2,pz+qz/2ψ¯
σ′
N2,−p+Q/2,−pz+qz/2 ×
×ψσ′n2,−p−Q/2,−pz−qz/2ψσn1,p−Q/2,pz−qz/2,
where n = N1 − n1 and n′ = N2 − n2. Here we have added
spin indices σ and σ′, because fermions obey Pauli principle
and thus the spin part of the superconducting pairing is impor-
tant [10, 36]. From Eq. (8) follows that there are Cooper pairs
moving with the momenta {±Q/2, 0,±qz/2} in the system.
From the other density-density terms from Eq. (6) we ob-
tain Cooper pairs moving with the momenta {±Q/2, 0, 0} and
{0, 0,±qz/2}. The indices can be exchanged in some other
way, e.g. obtaining Cooper pairs moving with the center-of-
mass momentum {±Q, 0, 0}. Eq. (8) is only one example.
Therefore once we perform Hubbard-Stratonovich transfor-
mation [24], we obtain four mean fields ∆σ
′σ
0 , ∆
σ′σ
xz , ∆
σ′σ
x ,
and ∆σ
′σ
z and their conjugate, that are associated with differ-
ent types of Cooper pairs in our system. In short, Hubbard-
Stratonovich transformation is a multiplication of Z with an
extended unity, which allows to cancel the term with four
fields, in this case ψ and ψ¯, and instead obtain the terms of the
type ∆¯V −1∆ and ρ¯∆, ∆¯ρ, where the last two are quadratic
in ψ and ψ¯.
To obtain equations for the mean fields only, we first in-
tegrate Z over the Grassmann fields ψ and ψ¯. For that we
express the part of the action that does not contain terms
with V −1 in the basis with all necessary combinations of
indices, i.e. all types of Cooper pairs with all possible fre-
quency indices. We define the resulting 6× 6 matrix as G−1,
because it has the form similar to the inverse Green’s func-
tion. The basis should also include ψ and ψ¯ with non-zero
y-component of the momentum, however in the following cal-
culation these terms drop out, therefore we do not put them in
the basis under consideration. After integration, we will ob-
tain Z = ∫ D(∆¯σσ′0,x,z,xz,∆σ′σ0,x,z,xz) exp (−W + Tr ln[G−1]),
where W contains all terms with V −1 and Tr ln follows from
the relation [24] ln detY = Tr lnY . We denote the nega-
3tive argument of exponent above, that is an effective action, as
Seff .
To find the symmetry of mean fields, we derive the
system of the mean-field equations for the stationary
phase solutions [24]. Each of them is a variation of
the action with respect to the desired mean field, e.g.
δSeff/δ∆
σ′σ
z,N2,n1,−p+Q/2,−pz−qz/2 = 0. The new in-
dices for ∆σ
′σ
z in this notation are the frequency in-
dices N2 and n1 and the momenta indices correspond-
ing to the first Grassmann field substituted by this mean
field. Explicitly it is ∆σ
′σ
z,N2,n1,−p+Q/2,−pz−qz/2 ∼
〈ψσ′N2,−p+Q/2,−pz−qz/2ψσn1,p−Q/2,pz−qz/2〉. We use such no-
tation, because having the momenta indices of the first Grass-
mann field and the type of pairing, we can derive the momenta
indices of the second Grassmann field. The full expression for
the equation is not possible to analyse analytically, because
differentiation of Tr ln[G−1] involves G, and to obtain G we
need to invert G−1 which is a large matrix in our case. At this
point we recall, that from the very beginning we have con-
sidered Sel−w as a perturbation to the electron action. This
means, it is sufficient to consider only the leading terms in the
equation to define the main symmetries in the system. With
such approach, the equation simplifies significantly, becoming
∆¯σσ
′
z,N1,n2,p+Q/2,pz+qz/2
V −12,N1−n1,n2−N2,qz,qz −
∆¯σσ
′
z,n1,N2,p−Q,pz−qz
F (N1, n2, p, pz, p, pz − qz) −
∆¯σσ
′
z,N1,n2,p,pz
F (n1, N2, p−Q, pz − qz, p−Q, pz) = 0. (9)
The function F contains the diagonal terms from G−1,
F (i, j, p1, pz1, p2, pz2) = [(p
2
1 + p
2
z1)/(2m)−µ− iωi][(p22 +
p2z2)/(2m) − µ − iωj ]. Here both frequencies have the same
sign, because we consider all possible frequencies and do
not impose a usual transformation from particles to holes
ωnψ¯nψn → ωnψ−nψ¯−n. If we do not pay attention to the
amount of different indices, the form of Eq. (9) would be
similar to the well-known equation for the order parameter in
the BCS formalism [11] with two distinctions. Firstly, here
we do not have a convolution of the inverse interaction V −1
and ∆¯σσ
′
z,N1,n2,p+Q/2,pz+qz/2
, because all indices which were
not determined in varying over ∆σ
′σ
z,N2,n1,−p+Q/2,−pz−qz/2,
namely N1 and n2, are summed over for all terms in Eq. (9).
As the right hand side of this equation must be zero and its de-
pendence on N1 and n2 is quite complicated, we assume that
each of the terms under this global summation must be zero,
thus obtaining Eq. (9). Secondly, there are no mean fields in
F . We have neglected them with respect to the terms from Sel,
because they are the higher order perturbation terms. Vary-
ing Seff with respect to the other mean fields, we obtain other
equations, but of the same form. For example, the equation
δSeff/δ∆
σ′σ
0,N2,n1,−p+Q/2,−pz+qz/2 = 0 can be obtained from
Eq. (9) by changing V2,...,qz,qz∆¯
σσ′
z,... → V2,...,qz,−qz∆¯σσ
′
0,...
and in the second and the third terms ∆z → ∆0, and
F (N1, n2, p, pz, p, pz − qz) → F (N1, n2, p, pz, p, pz) and
F (n1, N2, p − Q, pz − qz, p − Q, pz) → F (n1, N2, p −
Q, pz − qz, p − Q, pz − qz). The changes in momenta in-
dices in F reflect the fact that ∆¯σσ
′
0,p+Q/2,pz+qz/2
has zero
net momentum, while ∆¯σσ
′
z,p+Q/2,pz+qz/2
has +qz/2. We
note that if we shift p → p + Q/2 and pz → pz +
qz/2 the second and the third terms of Eq. (9) are the
same as for δSeff/δ∆σσ
′
z,n2,N1,−p,−pz = 0 with the first term
V −12,n1−N1,N2−n2,−qz,−qz∆¯
σσ′
z,n1,N2,p−Q,pz−qz . The same is
for δSeff/δ∆σ
′σ
0,n2,N1,−p,−pz = 0, where the first term is
V −12,n1−N1,N2−n2,−qz,qz∆¯
σσ′
0,n1,N2,p−Q,pz−qz and the others are
the same as in the equation δSeff/δ∆σ
′σ
0,N2,n1,−p,−pz = 0. The
equations for ∆¯σσ
′
x and ∆¯
σσ′
xz have analogous relations. Thus
we obtain eight equations of this type. In principle, one can
obtain more, because one can vary with respect to the mean
field with different indices or the conjugate one. However to
determine the symmetries of the induced mean fields analyti-
cally, eight equations is sufficient.
Using the fact that there are two equations for each mean
field, and the large parts of them are equal, we obtain dif-
ferent relations for the real and imaginary parts of the mean
fields, thus deriving their symmetries. For example, as
V −12,N1−n1,n1−N1,qz,−qz = V
−1
2,n1−N1,N1−n1,−qz,qz , we have
∆¯σσ
′
0,N1,n1,p+Q,pz+qz
= ∆¯σσ
′
0,n1,N1,p−Q,pz−qz . While for the
other frequency relation, it is more complicated,
=[∆¯σσ′0,n1,n1,p−Q,pz−qz ] = −=[∆¯σσ
′
0,N1,N1,p+Q,pz+qz ] = (10)
=
=[V −12,N1−n1,N1−n1,qz,−qz ]<[∆¯σσ
′
0,n1,n1,p−Q,pz−qz ]
<[V −12,N1−n1,N1−n1,qz,−qz ]
,
where <[∆¯σσ′0,n1,n1,p−Q,pz−qz ] = <[∆¯σσ
′
0,N1,N1,p+Q,pz+qz
], and
=[V −12,N1−n1,N1−n1,qz,−qz ] is an odd function of ωN1−n1 ,
while <[V −12,N1−n1,N1−n1,qz,−qz ] is even in ωN1−n1 . The re-
lations for ∆¯σσ
′
0 , ∆¯
σσ′
x , and ∆¯
σσ′
xz have the same form as
for ∆¯σσ
′
0 . However, as the interaction potentials are dif-
ferent, they allow for different symmetries of mean fields
with respect to ωn, Q, and qz . (For simplicity of notation
in the following, we denote by ωn all Matsubara frequen-
cies present in the expression, i.e. n can take different val-
ues.) For example, =[V −12,N1−n1,N1−n1,qz,qz ] ∝ (aωN1−n1 +
bqz)f(ωN1−n1 , qz), where a and b depend on Ω, β, and Q,
and f(ωN1−n1 , qz) = f(−ωN1−n1 ,−qz), i.e. f is even in
{ωn, qz}; <[V −12,N1−n1,N1−n1,qz,qz ] is even in {ωN1−n1 , qz}.
This means that =[V −12,N1−n1,N1−n1,qz,qz ] is odd if we change
both ωN1−n1 and qz to their values with the opposite signs.
Considering in the same way the symmetries of ∆¯σσ
′
x and
4TABLE I. Symmetries of the real and imaginary parts of the mean
fields with respect to frequencies ωn and momenta Q and qz .
Mean field Frequencies, ωn Momentum, qz Momentum, Q
<[∆σ′σ0 ] even even even
=[∆σ′σ0 ] odd even odd
<[∆σ′σx ] even even even
=[∆σ′σx ] odd even odd
<[∆σ′σz ] even even even
=[∆σ′σz ] odd in {ωn, qz} → {−ωn,−qz} even
<[∆σ′σxz ] even even even
=[∆σ′σxz ] odd in {ωn, qz} → {−ωn,−qz} even
∆¯σσ
′
xz , we finally obtain Table I.
Using Table I, we derive the general symmetries of the
mean fields: frequency, spin, and momentum parities. Let’s
first consider the symmetries with respect to the x component
of momentum, p. Considering the form of Eq. (9), if the mean
field is even inQ, then most likely it is also even in p, giving s-
wave parity. More complex cases appear, when the mean field
is odd in Q, i.e. =[∆σ′σ0 ]. To obtain more insight into its sym-
metry, we need to consider different limits of Q with respect
to the Fermi momentum pF . The wavelength of SAW can be
of the order of 100− 500 nm [33, 34], while the Fermi wave-
length can be different depending on the carrier density, which
can be regulated, for example, with doping. For ZnO films the
Fermi wavelength can be∼ 9−44 nm [35]. Therefore we will
consider all possible limits. IfQ ∼ pF , then we obtain p-wave
parity for =[∆σ′σ0 ], because Cooper pairs are mainly formed
from electrons around Fermi surface. Then if Q  pF , we
obtain =[∆σ′σ0 ] ∝ sin [pip/(2Q)], as it must change its sign
with the period 2Q. If Q pF , then =[∆σ′σ0 ] ∼ const.
Now let’s determine the spin part of =[∆σ′σ0 ]. To character-
ize the spin part of the mean fields, we have introduced spin
indices σ and σ′. If they are ↓↑ or ↑↓, they can be combined in
a singlet form, ↑↓ − ↓↑, or a triplet with zero projection on the
quantization axis, ↑↓ + ↓↑. The sign in the middle is deter-
mined by the symmetry of the mean fields [10, 36]. For exam-
ple, if the mean field is of odd-momentum or odd-frequency
and even in the other parameter, then the spin-pairing is triplet.
If it is odd or even in both as in the case of =[∆σ′σ0 ] and
<[∆σ′σ0 ] respectively, then the spin-pairing is singlet. The in-
dices σ′σ can also be ↑↑ or ↓↓, thus forming triplet states with
the spin projections ±1 on the quantization axis, however in
this work they do not occur, because the reals parts of mean
fields are even in all parameters.
The odd dependence of =[∆σ′σx ] on Q gives, however, dif-
ferent parity, because Q is the center-of-mass momentum of
Cooper pairs for ∆σ
′σ
x and therefore does not affect the su-
perconducting parity. The odd dependence of =[∆σ′σx ] on fre-
quency leads to spin-triplet pairing.
More complex dependence on ωn and qz occurs for
=[∆σ′σz ] and =[∆σ
′σ
xz ] (see Table I). Here, qz is also a center-
of-mass momentum of the corresponding Cooper pairs, how-
ever as there is no even discrete spatial translation sym-
metry along z, it gives odd parity only if the sign of
ωn is also changed, which leads to =[∆σ′σx,xz](ωn, qz) =
=[∆σσ′x,xz](ωn,−qz). This relation means that the center-of-
mass momentum ‖z is locked with spins of electrons, reveal-
ing presence of effective spin-orbit interaction.
This shows that the system consisting of a piezoelectric film
and an induced Rayleigh SAW in it, can have different super-
conducting order parameters due to the time and space trans-
lation symmetries breaking: s-wave and p-wave, spin-singlet
and spin-triplet, and more complex pairings involving spin-
orbit interaction type of behaviour. The one that minimizes
the energy of the system will be the dominant one. There can
also be several of them present in the system simultaneously.
We note, that in principle equations for the stationary phase
solutions, such as Eq. (9), usually allow for other solutions
[24]. In this case, it can be, for example, f -wave instead of p-
wave parity. However, we assume that higher orders of parity
of mean fields are more energetically costly, and discuss only
s- and p-wave parities.
Most importantly, we showed that the shape of the applied
SAW can change the symmetry of the order parameters, be-
cause it determines how Matsubara frequency ωn and the mo-
menta Q and qz enter the electron-electron interaction. This
shows the possible way to externally define the symmetry of
an induced superconducting pairing. In this system, for ex-
ample, we can obtain p-wave pairing of Cooper pairs. The
p-wave superconductors are very often associated with Ma-
jorana bound states [37]. If it becomes possible to obtain p-
wave superconductor in any direction, that is in the direction
of the applied SAW, it could assist efforts to perform braiding
of Majoranas. Even more generally, defined superconducting
paths with defined symmetries can be a low-decoherence way
to induce interactions between qubits. Such paths do not have
to be straight, but their shape must be taken into account as it
breaks spatial translation symmetry.
Applied SAW can also break time reversal symmetry. In
this work we used cos Ωt to focus on the time and spatial
translation symmetries breaking, however, if the SAW has
certain non-symmetric shape in time, it might give different
symmetries. Time-shaping of the wave is even simpler than
in space, because the voltage applied to the interdigital trans-
ducer can have various pulse shapes.
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